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Flow of magnetic repelling grains in a two-dimensional silo
G. Lumay,1∗ J. Schockmel,1 D. Hena´ndez-Enr´ıquez,2 S. Dorbolo,1
N. Vandewalle,1 F. Pacheco-Va´zquez2†
During a typical silo discharge, the material flow rate is determined by the contact forces
between the grains. Here, we report an original study concerning the discharge of a two-
dimensional silo filled with repelling magnetic grains. This non-contact interaction leads
to a different dynamics from the one observed with conventional granular materials. We
found that, although the flow rate dependence on the aperture size follows roughly the
power-law with an exponent 3/2 found in non-repulsive systems, the density and velocity
profiles during the discharge are totally different. New phenomena must be taken into
account. Despite the absence of contacts, clogging and intermittence were also observed
for apertures smaller than a critical size determined by the effective radius of the repulsive
grains.
I. Introduction
The flow of discrete objects through an aperture in
bottlenecks is an important subject in many scien-
tific fields and for industrial applications. The ob-
jects could be animals [1], pedestrians [2,3], insects
[4], red blood cells [5], bacteria [6], cars or grains
[7]. An important feature of these flows is clogging
[8–10], which is observed during emergency escape,
in traffic flows and during silo discharging. Two
different flowing modes are observed: flow of con-
tacting objects like in granular materials and flow
of non contacting objects like in road traffic. Tran-
sitions between a non contacting to a contacting
flowing mode could be observed.
In the granular materials community, the flow of
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contacting grains through the output of a silo has
been the subject of numerous studies [8–18] since
the seminal work of Beverloo et al. [19]. Con-
trary to liquid flows, the flow of granular material
at the output of a silo is constant during the dis-
charge. Moreover, for small apertures, the proba-
bility to observe cloggings is significative. Beverloo
proposed a semi-empirical relation for the granular
flow rate Q (number of grains per unit time) at the
output of a silo as a function of the silo aperture size
D. This relation is deduced from the conjunction of
two premises: (i) the flow Q is blocked when the
aperture is below a threshold given by kd, where k
is a free parameter and d the bead diameter, (ii) the
grains experience a free fall before passing through
the aperture. Then, for the average grains speed at
the silo output, one has
〈vout〉 =
√
2gβD. (1)
This relation comes from the idea that the jam-
ming mechanism is due to the formation of a semi-
circular arch before the aperture [12, 15]. In the
case of contacting grains, this arch has a typical
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size proportional to the aperture, i.e., β = 0.5.
With two-dimensional silos, the flow rate Q is
proportional to the mean grains speed at the outlet
〈vout〉, to the mean density of grains at the outlet
〈ρ〉 and to the aperture size D. Therefore, the gen-
eral relation for the flow rate in two-dimensional
silos is
Q = 〈ρ〉〈vout〉D. (2)
The density of grains 〈ρ〉 is expressed in grains per
surface unit. Then, the expression of Beverloo re-
lation for two-dimentional silos is
Q = 〈ρ〉
√
2gβD(D − kd). (3)
It has been demonstrated that the Beverloo’s re-
lation fails for small orifices where clogging is pos-
sible [16], and recently [17], it was found that the
density and velocity profiles are self-similar in all
the range of apertures, where the flow rate Q must
be modified by an exponential factor related with
the lower density of material near the exit.
Up to now, all the studies about grains flowing
through apertures involved particles that interact
through contact forces. In the present paper, we
present experimental results concerning a repulsive
granular material flowing in a two-dimensional silo.
The grains are non contacting cylindrical magnets
repealing each other with a highly non-linear po-
tential. If they are not too close to each other,
the magnets can be considered as magnetic dipoles.
The force ~F (r, θ) between two magnetic dipoles sep-
arated by a distance r with an angle θ between
the magnetic field direction and the line joining the
dipole centers is given by:
~F (r, θ) =
3µ0m
2
4pir4
[
(1− 3 cos2 θ) rˆ + sin 2θ θˆ
]
, (4)
where µ0 is the vacuum magnetic permittivity and
m is the dipolar magnetic moment. The influence
of this magnetic interaction on the flow of dense
granular materials has been already considered in
a previous study [20]. In the present configuration
(see set-up section), θ = 90◦. Therefore, the non-
linear repulsive force strength between two grains in
the silo is F (r) = 3µ0m
2
4pir4 . Considering this repulsive
interaction, we investigate the flow rate at the silo
output for different aperture sizes. Moreover, the
relations between the flow rate, the velocity profile
along the silo aperture and the density behind the
aperture are investigated.
0.
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Figure 1: (a) and (b) Annotated picture of the two-
dimensional silo filled with magnets in repulsive
configuration. (c) Magnetic arch observed some-
times for small silo aperture sizes.
II. Set-up
A sketch of the experimental set-up is presented
in Fig. 1 (a). A set of Ntot = 565 Neodymium
disc magnets (thickness t = 3.00 ± 0.02 mm, di-
ameter d = 5.00 ± 0.02 mm, mass m = 0.4 g
and surface magnetic field H = 5.9 kG) was in-
troduced in a two-dimensional vertical silo. The
frontal walls of the silo consisted of two transpar-
ent glass plates separated by 3.10 ± 0.05 mm and
the lateral walls were composed of Neodymium bars
with their magnetization oriented perpendicularly
to the glass walls. The grains were carefully intro-
duced with the same orientation in order to ob-
tain repulsive grain-grain and grain-wall interac-
tions [Fig. 1 (b)]. The silo was divided in two
compartments separated by a movable gate. The
structure can be rotated about an horizontal axis
in order to reset the silo. The gates inclination
α = 22◦ ensured the complete discharge of the 565
magnets.
Once the upper compartment was charged, the
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Figure 2: Fraction of grains escaped from the silo
Nout/Ntot as a function of time for different aper-
ture sizes D.
aperture size D was fixed with the flow initially
blocked by a electromechanic switch. When the
switch was turned off, the grains started to flow
and the discharge was filmed with a high speed
camera at 250 fps. Because the particles were non-
contacting, they were easily tracked using ImageJ
in order to obtain their positions, velocities and the
flow rate.
III. Results
Three videos [21] show the magnetic grains flow in
the cases D = 0.03 m, D = 0.08 m and D = 0.18
m. For D = 0.03 m; we observe an intermittent
flow and the formation of an arch. These magnetic
aches [see Fig. 1 (c)] are formed for small aper-
ture size (D < 0.04 m) and are able to block the
flow. Before a magnetic arch formation, a contin-
uous flow is observed. Moreover, as with classical
granular materials [12], an arch can be broken with
vibrations to recover a continuous flow. The anal-
ysis of arches formation probability is outside the
scope of the present study. Therefore, the analy-
sis of the results is made for a larger aperture size
(D ≥ 0.04 m) and considering that k = 0.
Figure 2 shows the fraction of grains escaped
from the silo Nout/Ntot as a function of time for
different aperture sizes D. The curves are roughly
linear at the exception of the end of the emptying
process. Therefore, as with contacting grains, the
flow rate is constant during the silo discharge. The
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Figure 3: Flow rate Q as a function of the silo
aperture size D. The continuous line corresponds
to the Beverloo relation with an additional expo-
nential factor [see Eq. (6)]. Each point corresponds
to an average over 3 experiments. Error bars are
indicated.
beginning of each curve has been fitted by a lin-
ear law to obtain the flow rate Q. The evolution
of the flow rate Q (expressed in grains per second)
as a function of the aperture size D is presented in
Fig. 3. This flow rate can be fitted with a classical
Beverloo relation [Eq. (3)] for big orifices. How-
ever, the fit fails for small ones. To fit the flow rate
over the whole range of orifice sizes, an exponential
factor has been added. In order to investigate the
origin of this exponential factor, the grains speed
and the grains density at the silo output have been
analyzed.
From the tracking of grain trajectories during
the discharge, grains velocity at the silo output
vout has been measured. The temporal evolution
of the grains velocity 〈vout〉x at the silo output is
presented in Fig. 4. The notation 〈〉x corresponds
to an averaging over the aperture. The time is nor-
malized by the silo total discharging time T . For
small aperture sizes (D < 0.15 m), the output ve-
locity is roughly constant during the discharge at
the exception of the end of the process. However,
for a larger aperture size (D > 0.15 m), the out-
put velocity increases with the time. This increase
is certainly due to the finite size of the silo. In-
deed, when the aperture size is approaching the silo
width, the confinement at the output is less impor-
tant and the whole bulk is experiencing a free fall.
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Figure 4: Temporal evolution of grains velocity av-
eraged over the silo aperture 〈v〉x for different aper-
ture sizes D. The time is normalized by the silo
discharging time T .
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Figure 5: Grain velocity profile 〈v〉t along the silo
aperture for different silo aperture sizes D.
Figure 5 shows the grain velocity profile along
the silo aperture. The velocity is averaged over the
whole discharging time T . An important velocity
gradient is observed near the borders of the aper-
ture. Apart from this zone, a plug flow is observed.
This plug flow constitutes a strong differentiation
with classical granular flows [17].
The evolution of the grain velocity 〈v〉x,t at the
output of the silo as a function of D is presented
in Fig. 6. The notation 〈〉x,t corresponds to an av-
eraging over the aperture and over the whole dis-
charging time. The increase of the velocity with D
is well fitted by the square root law Eq. (1), with
β = 0.220±0.002. In granular materials, this equa-
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Figure 6: Evolution of grain velocity 〈v〉x,t at the
output of the silo as a function of D. The contin-
uous line corresponds to a fit with Eq. (1). Each
point corresponds to an average over 3 experiments.
Error bars are indicated.
tion gives the grains speed corresponding to a free
fall from a height βD, where β is a geometrical fac-
tor equal to 0.5. With repealing magnetic grains,
the association of the plug flow and the free fall with
β = 0.22 allows to conclude that the grains expe-
rience a free fall in a rectangular region situated
above the aperture. The height of this rectangular
region is 0.22D.
The density of grains 〈ρ〉x just above the out-
put is the number of beads whose center of mass
is included in the measurement box divided by the
box surface. The measurement box is a rectangle
of width D and height 10d situated just behind the
aperture. The density temporal evolution is plotted
in Fig. 7 for different values of D. At early time, a
quick decrease of the density is observed, then the
density reaches a plateau. Finally, near 70 % of the
total time of the discharge, the density decreases
until the silo is empty. The time averaged density
〈ρ〉x,t is evaluated during the constant regime. Fig-
ure 8 shows the time averaged density 〈ρ〉x,t above
the output as a function of the aperture size D.
The density is found to decrease with the aperture
size. This decrease constitutes also a differentiation
with classical granular flows [17]. The decrease of
the density as a function of the aperture size is well
fitted by the decreasing exponential law:
〈ρ〉x,t = ρ∞ + (ρ0 − ρ∞)e−Dα , (5)
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Figure 7: Temporal evolution of the density 〈ρ〉x
averaged over the aperture. The measurement box
is a rectangle of width D and height 10d situated
just behind the aperture.
with ρ∞ = 1342 ± 29 grains/m2, ρ0 = 4737 ± 716
grains/m2 and α = 0.029± 0.004 m. By combining
Eqs. (1), (2) and (5), we obtain a modified version
of Beverloo relation:
Q =
[
ρ∞ + (ρ0 − ρ∞)e−Dα
]√
2gβDD. (6)
This relation is plotted in Fig. 3 with the parame-
ters ρ0, ρ∞, α and β obtained previously from the
fit of the average grain speed and of the density as
a function of the aperture size D.
IV. Conclusion
The flow of repealing magnetic grains at the output
of a two dimensional silo has been analyzed experi-
mentally. A plug flow has been observed at the silo
output with a grain speed corresponding to a free
fall in a rectangular region situated above the out-
put. Comparing to the flow of non-magnetic con-
tacting grains in the same geometry, the observed
plug flow constitutes a difference. However, as in
the contacting grains case, the flow is constant dur-
ing the silo discharge. The density of grains mea-
sured just above the silo output is found to decrease
exponentially with the silo aperture size. This de-
crease of the density constitues a second difference
comparing to the contacting grains case. Finally,
the analysis of both grains speed and bulk density
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Figure 8: Averaged density 〈ρ〉x,t above the silo
aperture as a function of the silo aperture. The
continuous line corresponds to a fit with Eq. (5).
Each point corresponds to an average over 3 exper-
iments. Error bars are indicated.
at the silo output allows to propose a modified Bev-
erloo relation that fit the flow rate as a function of
the aperture size. This modified Beverloo relation
is the classical power-law with an exponent 3/2 as-
sociated to a decreasing exponential.
The approach used during the last decades to
better understand the complex behavior of granu-
lar material is an inspiration source for scientists
studying crowd dynamics, traffic jams, ethology.
The set of magnetic repealing grains considered
in the present study could be also an interesting
model system to be compared with crowds, cars
and animals. Indeed, contrary to classical granular
materials, the set of repealing magnets are non-
contacting. Moreover, the magnetic interaction be-
tween the magnets is well known.
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